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Background

V = Sym(r,R),
Ω = Sym(r,R)++,
W = VC (= Sym(r,C))
∆1(w), . . . ,∆r(w) : the principal minors of w ∈ W
TΩ := Ω + iV : Tube domain

Classical fact

Put ∆0(w) = 1. If w ∈ TΩ, then one has

Re
∆k(w)

∆k−1(w)
> 0 (k = 1, . . . , r).

→This result can be generalize to any irreducible symmetric cone.
(Ishi–Nomura 2008)
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Background

V : simple Euclidean Jordan algebra
Ω: irreducible symmetric cone of V
TΩ := Ω + iV ⊂ W = VC
∆1(x), . . . ,∆r(x) : the principal minors of V
→ naturally continued to holomorphic polynomial functions of W

Theorem A (Ishi–Nomura 2008)

Put ∆0(w) = 1. If w ∈ TΩ, then one has

Re
∆k(w)

∆k−1(w)
> 0 (k = 1, . . . , r).

Q. Does this property characterize symmetric cones?
A. No (Ishi-Nomura 2008)
Q. How does this property generalize to homogeneous cones?
→ Today’s topic
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Talking plan

(1) Background

(i) Theorem A

(2) Generalization of Theorem A

(i) Setting and definitions
(ii) matrix realization of homogeneous cones
(iii) known results
(iv) Theorem 1 (generalization of Theorem A)

(3) Characterization of symmetric cones

(i) dual cones
(ii) Main theorem (characterization of symmetric cones)
(iii) sketch of the proof
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Setting
V : finite-dimensional real vector space
Ω: open convex cone in V containing no entire line
G(Ω) := {g ∈ GL(V ); g(Ω) = Ω}

Ω is homogeneous ⇔ G(Ω) acts on Ω transitively

Assume that Ω is homogeneous

∃H : split solvable Lie subgroup of G(Ω) s.t.

H y Ω: simply transitively.

Example

SN = Sym(N,R)
S+
N = Sym(N,R)++ = {x ∈ V ; x is positive definite}

g ∈ GL(N,R) acts on S+
N by g · x := gx tg.

HN : group of lower triangular matrices with positive diagonals.
→ HN acts on S+

N simply transitively
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Matrix realization of homogeneous cones (Ishi 2006)
N = n1 + · · · + nr : partition of N ∈ N
Vlk ⊂ Mat(nl, nk;R) : system of vector spaces satisfying

(V0) Vjj = RInj (j = 1, . . . , r),

(V1) A ∈ Vlk, B ∈ Vkj ⇒ AB ∈ Vlj (j < k < l),

(V2) A ∈ Vlj , B ∈ Vkj ⇒ A tB ∈ Vlk (j < k < l),

(V3) A ∈ Vkj ⇒ A tA ∈ Vkk (j < k).

ZV =

X =


X11

tX21 · · · tXr1

X21 X22
. . . tXr2

...
. . .

Xr1 Xr2 · · · Xrr

 ;
Xkk = xkkInk,

(xkk ∈ R)
Xlk ∈ Vlk

 ⊂ SN ,

PV = {X ∈ ZV ; X is positive definite} .

→ PV is a homogeneous cone of rank r.
.

. Any homogeneous cone Ω can be realized as some PV .
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Split solvable Lie subgroup H

H is linearly isomorphic toh =


T11

T21 T22
...

. . .

Tr1 Tr2 · · · Trr

 ;
Tkk = etk/2Ink

(tk ∈ R)
Tlk ∈ Vlk

 ⊂ HN .

The action on PV is described as h · x = hx th.

Define. f : relatively H-invariant function of Ω

∃χ : H → R: 1-dim. rep. s.t. f(h · x) = χ(h)f(x).

→ ∃ν = (ν1, . . . , νr) ∈ Rr s.t. χ(h) = eν1t1+···+νrtr (multiplier).
In particular we have

f(diag(x1, . . . , xr)) = xν1
1 · · ·xνr

r
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Basic relative invariants

Theorem (Ishi–Nomura 2008)

There exist just r relatively H-invariant irreducible polynomials
∆1(x), . . . ,∆r(x), and Ω is described as

Ω = {x ∈ V ; ∆1(x) > 0, . . . ,∆r(x) > 0} .

→ ∆j ’s are called the basic relative invariants of Ω.
σj = (σj1, . . . , σjr) : multiplier of ∆j(x)

σ :=

σ1
...
σr

 = (σjk)1≤j,k≤r : multiplier matrix

multiplier matrix is lower, the diagonal elements are all 1 (Ishi 2001).
We have an algorithm for calculating σ (N-. 2014).
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Complexification
W := VC, and TΩ := Ω + iV .
HC : complexification of H.
fC : complexification of a relatively H-invariant function f .
relatively HC-invariance

“fC(ρ(h)w) = χ(h)fC(w) for ∀h ∈ HC, w ∈ W ”

→ ∃h′ s.t. ρ(h)w = ρ(h′)w for ∀w ∈ W , but χ(h)
?
= χ(h′).

.

. If f is rational, then χ is well-defined.

∆1, . . . ,∆r : naturally continued to holomorphic poly.
S := {w ∈ W ; ∃∆j(w) = 0} .

Put NC :=
{
h ∈ HC; diag = Inj (j = 1, . . . , r)

}
.

Then
fC(n · w) = fC(w),

fC(diag(x1, . . . , xr)) = xν1
1 · · ·xνr

r .
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Known results

Proposition (Ishi-Nomura 2008)

(i) For any w ∈ W\S, there exist unique n ∈ NC and αj(w) ∈ C×

(j = 1, . . . , r) such that

w = n · diag(α1(w), . . . , αr(w)).

(ii) If w ∈ TΩ, then one has Reαk(w) > 0 for k = 1, . . . , r.

→ Describe α1(w), . . . , αr(w) by using ∆1(w), . . . ,∆r(w).

For µ, τ ∈ Zr, put

αµ(w) := α1(w)µ1 · · ·αr(w)µr ,

∆τ (w) := ∆1(w)τ1 · · ·∆r(w)τr ,

ej := (0, . . . , 0,
j

1̌, 0, . . . , 0).
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Generalization of Theorem A

Theorem 1

Let w ∈ TΩ. Then one has αj(w) = ∆ejσ
−1

(w), and hence

Re∆ejσ
−1

(w) > 0 (j = 1, . . . , r).

proof. For each j, we have

∆j(w) = ∆j (n · diag(α1(w), . . . , αr(w)))
= ∆j (diag(α1(w), . . . , αr(w)))
= α1(w)σj1 · · ·αr(w)σjr

= ασj(w).

→ ∆τ (w) = (ασ1(w))τ1 · · · (ασr(w))τr = ατσ(w).

Thus we have αj(w) = αej(w) = ∆ejσ
−1

(w).
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Case of symmetric cones
V : Euclidean Jordan algebra
∆j(x) : principal minors of V

In this case we have σj = (1, . . . ,
j
1, 0, . . . , 0) and hence

σ =


1 0
1 1
...

. . .
. . .

1 · · · 1 1

 → σ−1 =


1 0
−1 1

. . .
. . .

0 −1 1


Thus Theorem 1 leads us to the known result:
If w ∈ Ω + iV , then one has

Re∆ejσ
−1

(w) = Re∆j−1(w)−1∆j(w)

= Re
∆j(w)

∆j−1(w)
> 0.
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Talking plan

(1) Background

(i) Theorem A

(2) Generalization of Theorem A

(i) Setting and definitions
(ii) matrix realization of homogeneous cones
(iii) known results
(iv) Theorem 1 (generalization of Theorem A)

(3) Characterization of symmetric cones

(i) dual cones
(ii) Main theorem (characterization of symmetric cones)
(iii) sketch of the proof
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Dual cone

Ω: homogeneous cone in V
⟨ · | · ⟩ : inner product of V
Dual cone Ω∗ of Ω is defined to be

Ω∗ :=
{
x ∈ V ; ⟨x |y ⟩ > 0 for all y ∈ Ω\{0}

}
.

∆∗
1(x), . . . ,∆

∗
r(x) : basic relative invariants of Ω∗

the index is determined as the multiplier matrix σ∗
to be upper triangular

Ω is irreducible ⇔ Ω = Ω1 ⊕ Ω2 implies Ω1 = {0} or Ω2 = {0}.

Theorem (Yamasaki 2014)

Let Ω be an irreducible homogeneous cone.
Then Ω is symmetric if and only if

{deg∆1, . . . , deg∆r} = {deg∆∗
1, . . . , deg∆∗

r} = {1, . . . , r}.
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Example
V = S3

Ω = S+
3 and Ω∗ = S+

3 (symmetric cone)

V =

x =

 x1 x21 x31

x21 x2 x32

x31 x32 x3

 ; xi, xkj ∈ R


The basic relative invariants are described as

∆1(x) = x1,
∆2(x) = x1x2 − x2

21,
∆3(x) = detx,

∆∗
1(x) = detx,

∆∗
2(x) = x3x2 − x2

32,
∆∗

3(x) = x3.

The multiplier matrices is given as

σ =

1 0 0
1 1 0
1 1 1

 , σ∗ =

1 1 1
0 1 1
0 0 1

 .
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Main theorem

Theorem 2

Suppose that Ω is irreducible. Then Ω is symmetric if and only if

(1) Re
∆j(w)

∆j−1(w)
> 0 for any w ∈ Ω + iV,

(2) Re
∆∗

j (w
∗)

∆∗
j+1(w

∗)
> 0 for any w∗ ∈ Ω∗ + iV

(j = 1, . . . , r),

where we put ∆0(w) = 1 and ∆∗
r+1(w) = 1.
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Key proposition

Proposition 3

Let τ be a lower triangular matrix of integer elements with ones on the
main diagonal. Assume

Re∆ejτ (w) > 0 (j = 1, . . . , r)

for any w ∈ TΩ. Then one has τ = σ−1.

From the condition (1), we obtain

σ−1 =


1
−1 1

. . .
. . .

0 −1 1


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Algorithm for calculating multiplier matrix

dkj := dimVkj (1 ≤ j < k ≤ r)
di :=

t(0, . . . , 0, di+1,i, . . . , dri) (i = 1, . . . , r − 1).

For i = 1, . . . , r − 1, we define l
(j)
i = t(l

(j)
1i , . . . , l

(j)
ri ) (j = i, . . . , r)

l
(i)
i := di (k = i),

l
(k+1)
i :=

l
(j)
i − dk (l

(j)
ii > 0),

l
(j)
i (l

(j)
ii = 0)

(k > i).

Moreover we set ε[i] = t(εi+1,i, . . . , εri) ∈ {0, 1}r−i

(i = 1, . . . , r − 1) by

εki =

1 if l
(k)
ik > 0,

0 if l
(k)
ik = 0

(k = i + 1, . . . , r).
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Algorithm for calculating multiplier matrix
Then σ is given as

σ = Er−1Er−2 · · · E1,

where

Ei :=

Ii−1 0 0
0 1 0

0 ε[i] In−i

 .

σ−1 is described as

σ−1 = (Er−1Er−2 · · · E1)
−1

= E−1
1 E−1

2 · · · E−1
r−1

=


1

−ε21 1
...

. . .

−εr1 −εr2 · · · 1

 .
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Sketch of the proof

Since 
1

−ε21 1
...

. . .

−εr1 −εr2 · · · 1

 =


1
−1 1

. . .
. . .

0 −1 1

 ,

we have (ε21, ε31, . . . , εr1) = (1, 0, . . . , 0).

Let l
(1)
1 = t(d21, . . . , dr1).

By ε21 = 1, one has d21 > 0 and

l
(2)
1 =


d21

d31 − d32
...

dr1 − dr2


By ε31 = 0, one has d31 − d32 = 0.
Similarly εk1 = 0 implies dk1 − dk2 = 0 (k > 3).
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Sketch of the proof

Repetition of this arguments implies that

dk1 = dk2 = · · · = dk,k−1 (k = 2, . . . , r − 1).

Similarly by σ∗, we obtain

dj+1,j = dj+2,j = · · · = drj (j = 1, . . . , r − 1).

Thus there exists the common number d = dkj > 0 (j < k).
By the following theorem, Ω needs to be symmetric.

Theorem (Vinberg 1965)

If dimVkj = (const), then Ω is a symmetric cone.
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Counter example (Ishi–Nomura 2008)

V :=

x =

x1In aIn b
aIn x2In c
tb tc x3

 ;
xi, a ∈ R
b, c ∈ Rn

 ,

Ω := {x ∈ V ; x is positive definite} .

∆1(x), . . . ,∆3(x) are given as

∆1(x) = x1, ∆2(x) = x1x2 − a2,
∆3(x) = x1x2x3 + 2a ⟨b |c⟩ − x3a

2 − x2||b||2 − x1||c||2.
Ω is not a symmetric cone if n ≥ 2, but we have

Re
∆k(w)

∆k−1(w)
> 0 (w ∈ Ω + iV, k = 1, 2, 3).

In this case dimV21 = 1, dimV31 = n, dimV32 = n.
Thus we obtain

σ−1 =

 1
−1 1
0 −1 1

 .
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